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Abstract
Scattering amplitudes of any four-dimensional theory with nonabelian gauge group G may
be recast as two-dimensional correlation functions on the asymptotic two-sphere at null infinity.
The soft gluon theorem is shown, for massless theories at the semiclassical level, to be the Ward
identity of a holomorphic two-dimensional G-Kac-Moody symmetry acting on these correlation
functions. Holomorphic Kac-Moody current insertions are positive helicity soft gluon insertions.
The Kac-Moody transformations are a CPT invariant subgroup of gauge transformations which
act nontrivially at null infinity and comprise the four-dimensional asymptotic symmetry group.
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1 Introduction
The n-particle scattering amplitudes An of any four-dimensional quantum field theory (QFT4) can
be described as a collection of n-point correlation functions on the two-sphere (S2) with coordinates
(z, z¯)
An = 〈O1(E1, z1, z¯1) · · ·On(En, zn, z¯n)〉, (1.1)
where Ok creates (if Ek < 0) or annihilates (if Ek > 0) an asymptotic particle with energy |Ek| at
the point (zk, z¯k) where the particle crosses the asymptotic S
2 at null infinity (I ). The alternate
description (1.1) is obtained from the usual momentum space description by simply trading the three
independent components of the on-shell four momentum pµk (subject to p
2
k = −m2k) with the three
quantities (Ek, zk, z¯k).
The Lorentz group SL(2,C) acts as the global conformal group on the asymptotic S2 according
to
z → az + b
cz + d
, (1.2)
with ad − bc = 1. Hence, in this respect, Minkowskian QFT4 amplitudes resemble Euclidean two-
dimensional conformal field theory (CFT2) correlators. It is natural to ask what other properties
QFT4 scattering amplitudes, expressed in the form (1.1), have in common with conventional CFT2
correlators, and more generally whether a holographic relation of the form Minkowskian QFT4 =
Euclidean CFT2 might plausibly exist when gravity is included.
1 In this paper, we consider tree-level
scattering of massless particles in 4D nonabelian gauge theories with gauge group G. A salient feature
1The results of [5,9,14,36,37] suggest that for quantum gravity scattering amplitudes the SL(2,C) Lorentz symmetry
(1.2) is enhanced to the infinite-dimensional local 2D conformal symmetry.
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of all such amplitudes is that soft gluon scattering is controlled by the soft gluon theorem [1]. A
prescription is given for completing the hard S-matrix (in which all external states have Ek 6= 0) to
an S-correlator which includes positive helicity soft gluons at strictly zero energy. It is shown that
the content of the soft gluon theorem at tree-level is that the positive helicity soft gluon insertions are
holomorphic 2D currents which generate a 2D G-Kac-Moody algebra in the S-correlator! Turning
the argument around, the soft gluon theorem can be derived as a tree-level Ward identity of the
Kac-Moody symmetry.2
Moreover, we show that the Kac-Moody symmetries are equivalent to the asymptotic symmetries
of 4D gauge theories described in [3]. They are CPT -invariant gauge transformations, which are
independent of advanced or retarded time and take angle-dependent values on I . CPT invariance
requires that the gauge transformation at any point on I + equals that at the PT antipode on I −.
Such transformations act nontrivially on the asymptotic physical states and comprise the asymptotic
symmetry group. These are the gauge theory analogs of BMS transformations in asymptotically
flat gravity [4–9]. The abelian U(1) case was discussed in [10–12] and related recent discussions of
symmetries, infrared divergences and soft theorems are in [13–32].
The asymptotic symmetries of gravity (or QED) are spontaneously broken in the perturbative
vacuum and the soft gravitons (or photons) were shown to be the resulting Goldstone bosons [7,8,10].
Analogously, the standard rules of Yang-Mills perturbation theory presume a trivial flat color frame
on I . In this paper we see that this trivial frame is not invariant under the non-constant Kac-Moody
transformations and the large gauge symmetry is spontaneously broken, with the soft gluons being
the corresponding Goldstone bosons.
The nonabelian interactions of Yang-Mills theory lead to some surprising new features that are
not present in parallel analyses of gravity [7, 8] and QED [10]. As pointed out to us by S. Caron-
Huot [33, 34], the double-soft limit of the S-matrix involving one positive and one negative helicity
gluon is ambiguous. The result depends on the order in which the gluons are taken to be soft. Hence
a prescription must be given for defining the double-soft boundary of the S-matrix. We adopt the
prescription that positive helicities are always taken soft first. With this prescription there is one
holomorphic G-Kac-Moody from positive helicity soft gluons, but not a second one from negative
helicity soft gluons.
The soft gluon theorem has well-understood universal corrections due to IR divergences which
appear only at one loop, see e.g. [35]. These will certainly affect any extension of the present
discussion beyond tree-level. Since an infinite number of relations among S-matrix elements remain,
an asymptotic symmetry may survive these corrections. However it is not clear if it can still be
understood as a Kac-Moody symmetry. Corrections do not appear at the level of the integrands
studied in the amplitudes program [31, 32, 38, 40] or in contexts requiring the soft limit to be taken
prior to the removal of the IR regulator [31, 35, 38]. Hence the Kac-Moody symmetry is relevant
in some contexts to all loops. We leave this issue, as well as the generalization to massive particle
2A similar Kac-Moody algebra was studied in [2] in the context of MHV amplitudes.
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scattering, to future investigations.
This paper is organized as follows. Section 2 establishes our notation and conventions. In section
3, we introduce the various asymptotic fields used in the paper and discuss the asymptotic symme-
tries of nonabelian gauge theories. In section 4, we show that the soft gluon theorem is the Ward
identity of a holomorphic Kac-Moody symmetry which can also be understood as an asymptotic
gauge symmetry. In section 5, we show that the double-soft ambiguity of the S-matrix obstructs the
appearance of a second antiholomorphic Kac-Moody. Finally, section 6 contains a preliminary dis-
cussion of Wilson line insertions, SCET fields and an operator realization of the flat gauge connection
on I .
2 Conventions and notation
We consider a nonabelian gauge theory with group G and associated Lie algebra g. Elements of G in
representation Rk are denoted by gk, where k labels the representation. The corresponding hermitian
generators of g obey [
T ak , T
b
k
]
= ifabcT ck , (2.1)
where a = 1, · · · , [[g]] and the sum over repeated Lie algebra indices is implied. The adjoint elements
of G and generators of g are denoted by g and T a respectively with (T a)bc = −ifabc. The real
antisymmetric structure constants fabc are normalized so that
facdf bcd = δab = tr
[
T aT b
]
. (2.2)
The four-dimensional matrix valued gauge field is Aµ = AaµT a, where a µ index here and hereafter
refers to flat Minkowski coordinates in which the metric is
ds2 = −dt2 + d~x · d~x, (2.3)
with ~x = (x1, x2, x3) satisfying ~x · ~x = r2. We also use retarded coordinates
ds2 = −du2 − 2dudr + 2r2γzz¯dzdz¯, (2.4)
where u = t− r and γzz¯ = 2(1+zz¯)2 is the round metric on the sphere. I + is the null S2×R boundary
at r =∞ with coordinates (u, z, z¯). It has boundaries at u = ±∞, which we denote I +± .
PT -conjugate advanced coordinates are
ds2 = −dv2 + 2dvdr + 2r2γzz¯dzdz¯, (2.5)
where v = t + r. I − is the null S2 × R boundary at r = ∞ with coordinates (v, z, z¯). It has
boundaries at v = ±∞, which we denote as I −± .
Advanced and retarded coordinates are related to the flat coordinates in (2.3) by
t = v − r, x1 + ix2 = − 2rz
1 + zz¯
, x3 = −r (1− zz¯)
1 + zz¯
, (2.6)
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and
t = u+ r, x1 + ix2 =
2rz
1 + zz¯
, x3 =
r (1− zz¯)
1 + zz¯
. (2.7)
In particular, note that the point with coordinates (r, v, z, z¯) in advanced coordinates is antipodally
related by PT to the point with coordinates (r, u, z, z¯) in retarded coordinates.
The field strength corresponding to Aµ is
Fµν = ∂µAν − ∂νAµ − i[Aµ,Aν ] = FaµνT a. (2.8)
The theory is invariant under gauge transformations
Aµ → gAµg−1 + ig∂µg−1,
φk → gkφk,
jMµ → gjMµ g−1,
(2.9)
where φk are matter fields in representation Rk and j
M
µ is the matter current that couples to the
gauge field. The infinitesimal gauge transformations with respect to εˆ = εˆaT a (where g = eiεˆ) are
δεˆAµ = ∂µεˆ− i[Aµ, εˆ],
δεˆφk = iεˆ
aT ak φk,
δεˆj
M
µ = −i[jMµ , εˆ].
(2.10)
The bulk equations that govern the dynamics of the gauge field are
∇νFνµ − i [Aν ,Fνµ] = g2YMjMµ , (2.11)
where ∇µ is the covariant derivative with respect to the spacetime metric.
In this paper, we study massless scattering amplitudes. Following [10], we find it convenient to
parametrize massless momenta p2 = 0 as
pµ =
ω
1 + zz¯
(1 + zz¯, z + z¯,−i(z − z¯), 1− zz¯) . (2.12)
For simplicity, we also denote ~p = ωxˆ where
xˆ =
1
1 + zz¯
(z + z¯,−i(z − z¯), 1− zz¯) . (2.13)
3 Asymptotic fields and symmetries
In this section, we give our conventions for the asymptotic expansion around I (see [3] for more
details), specify the gauge conditions and boundary conditions, and describe the residual large gauge
symmetry.
We work in temporal gauge
Au = 0. (3.1)
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In this gauge, we can expand the gauge fields near I + as
Az(r, u, z, z¯) = Az(u, z, z¯) +O (1/r) ,
Ar(r, u, z, z¯) = 1
r2
Ar(u, z, z¯) +O
(
1/r3
)
,
(3.2)
where the leading behavior of the gauge field is chosen so that the charge and energy flux through
I + is finite. The full four-dimensional gauge field is determined by the equations of motion in terms
of Az(u), which forms the boundary data of the theory.
The leading behavior of the field strength is Fur = O(1/r2) and Fuz,Fzz¯ = O(1) with leading
coefficients
Fur = ∂uAr,
Fuz = ∂uAz,
Fzz¯ = ∂zAz¯ − ∂z¯Az − i[Az, Az¯].
(3.3)
We will be interested in configurations that revert to the vacuum in the far future, i.e.
Fur|I++ = Fuz|I++ = Fzz¯|I++ = 0. (3.4)
(3.4) implies
Uz ≡ Az|I++ = iU∂zU
−1, (3.5)
where U(z, z¯) ∈ G. A residual gauge freedom near I + is generated by an arbitrary function ε(z, z¯)
on the asymptotic S2. These create zero-momentum gluons and will be referred to as large gauge
transformations. Under finite large gauge transformations U → gU . We also define the soft gluon
operator
Nz ≡
∫ ∞
−∞
duFuz = Uz − Az|I+− . (3.6)
Near I −, the temporal gauge condition implies
Av = 0. (3.7)
We expand the gauge fields as Az = Bz + O(r−1), Ar = 1r2Br + O(r−3). The field strength has
leading behaviour Fvr ∼ O(1/r2) and Fvz,Fzz¯ = O(1) with leading coefficients
Gvr = ∂vBr,
Gvz = ∂vBz,
Gzz¯ = ∂zBz¯ − ∂z¯Bz − i[Bz, Bz¯].
(3.8)
Configurations that begin from the vacuum in the far past satisfy
Gur|I−− = Gvz|I−− = Gzz¯|I−− = 0. (3.9)
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The four-dimensional gauge field is uniquely determined by the boundary data Bz(v).
Residual gauge freedom near I − is generated by an arbitrary function ε−(z, z¯) on the asymptotic
S2. Furthermore, (3.9) implies
Vz ≡ Bz|I−− = iV∂zV
−1, (3.10)
On I −, we define the soft gluon operator
Mz ≡
∫ ∞
−∞
dvGvz = Bz|I−+ − Vz. (3.11)
The classical scattering problem, i.e. to determine the final data Az(u) given a set of initial data
Bz(v) is defined only up to the large gauge transformations generated by both ε and ε
− that act
separately on the initial and final data. Clearly, there can be no sensible scattering problem without
imposing some relation between ε and ε−. To do this, we match the gauge field at i0. Lorentz
invariant matching conditions are
Az|I+− = Bz|I−+ . (3.12)
This is preserved by
ε(z, z¯) = ε−(z, z¯). (3.13)
Note that because of the antipodal identification of the null generators of I ± across i0, the gauge
parameter ε(z, z¯) is not the limit of a function that depends on the angle in Minkowskian (t, r)
coordinates. Rather, it goes to the same value at the beginning and end of light rays crossing
through the origin of Minkowski space. ε is then a Lie algebra valued function (or section) on the
space of null generators of I .
4 Holomorphic soft gluon current
In this section, we show that the soft theorem for outgoing positive helicity gluons (or equivalently in-
coming negative helicity gluons) is the Ward identity of the holomorphic large gauge transformations
and takes the form of a holomorphic G-Kac-Moody symmetry acting on the S2 on I .
Let Ok(Ek, zk, z¯k) denote an operator which creates or annihilates a colored hard particle with
energy Ek 6= 0 crossing the S2 on I at the point zk.3 We denote the standard n-particle hard
amplitudes by
An(z1, . . . , zn) = 〈O1 · · ·On〉U=1. (4.1)
3For instance, for scalar particles
Ok(Ek, zk, z¯k) = − 4pi
Ek
∫ ∞
−∞
dueiEku∂u lim
r→∞ [rφk(u, r, zk, z¯k)] .
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There are no traces here, so An has n suppressed color indices. Since the gauge field vanishes at
infinity, the asymptotic S2 has a flat connection Uz = iU∂zU
−1, where U ∈ G.4 In order to compare
the color of particles emerging at different points on the S2, this connection must be specified. The
U = 1 subscript here indicates the fact that the standard perturbation theory presumes the trivial
connection Uz = 0.
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The hard S-matrix has soft boundaries where gluon momenta vanish. We wish to give a pre-
scription to extend, or ‘compactify’ the S-matrix to a larger object that includes these boundaries.
Since zero-energy gluons are not obviously either incoming or outgoing, the S-matrix so compactified
is not obviously a matrix mapping in states to out states. Hence we will refer to the compactified
S-matrix as the S-correlator.6
4.1 Soft gluon theorem
In this section, we will show that insertions of the soft gluon current Jz, defined by
Jz ≡ − 4pi
g2YM
(Nz −Mz) = 4pi
g2YM
(∫
dvGvz −
∫
duFuz
)
, (4.2)
into the hard tree-level S-matrix are determined by the soft gluon theorem. In its conventional
momentum space form, this theorem states (see appendix A)
〈O1(p1) · · ·On(pn);Oa(q, )〉U=1 = gYM
n∑
k=1
pk · 
pk · q 〈O1(p1) · · ·T
a
kOk(pk) · · ·On(pn)〉U=1 +O(q0), (4.3)
where Oa(q, ) = tr [T aO(q, )] creates or annihilates, depending on the sign of q0, a soft gluon with
momentum ~q and polarization µ, and T ak is a generator in the representation carried by Ok. Gauge
invariance of the theory requires that the right hand side vanishes when  = q. This implies
n∑
k=1
〈O1(p1) · · ·T akOk(pk) · · ·On(pn)〉U=1 = 0, (4.4)
which is global color conservation. Using the notation of our present paper and assuming  6= q, for
a positive helicity gluon with massless particles (p2k = 0), (4.3) becomes
〈JazO1 · · ·On〉U=1 =
n∑
k=1
1
z − zk 〈O1 · · ·T
a
kOk · · ·On〉U=1, (4.5)
where Jaz ≡ tr [T aJz]. This was shown in [3, 39] and is reviewed in the appendix. The collinear
q · pk → 0 singularities of (4.3) become the poles at z = zk in (4.5). The soft pole in (4.3) is absent
in (4.5) simply because the definition of Jaz involves the zero mode of the field strength rather than
the gauge field and hence an extra factor of the soft energy.
4Uz should not be confused with Uz (defined in (3.5)).
5For Uz = 0 an outgoing configuration with a red quark at the north pole and a red bar quark at the south pole is
a color singlet state which can be created by a colorless incoming state. For more general choices of Uz this will not
be the case.
6In the abelian examples of gravity and QED [7–10], it is possible to view the S-correlator as a conventional S-
matrix. However, the noncommutativity (see (5.2)) of the multi-gluon soft limits persists even if one gluon is outgoing
(q0 > 0) and the other incoming (q′0 < 0). This means that the soft limit on an out state does not commute with the
soft limit on an in state, creating difficulties for the reinterpretation of the S-correlator as an S-matrix.
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4.2 Kac-Moody symmetry
Since ∂z¯Jz = 0 away from operator insertions, Jz is a holomorphic current. Consider a contour C
and an infinitesimal gauge transformation εa(z) which is holomorphic (∂z¯ε
a = 0) inside C. It follows
from (4.5) that
〈JC(ε)O1 · · ·On〉U=1 =
∑
k∈C
〈O1 · · · εk(zk)Ok · · ·On〉U=1, (4.6)
where εk(zk) = ε
a(zk)T
a
k and
JC(ε) ≡
∮
C
dz
2pii
tr [εJz] , (4.7)
and the sum k ∈ C includes all insertions inside the contour C. Moreover from the soft theorem with
multiple Jz insertions one finds
〈JC(ε)JwO1 · · ·On〉U=1 =
∑
k∈C
〈JwO1 · · · εk(zk)Ok · · ·On〉U=1 + 〈ε(w)JwO1 · · ·On〉U=1, (4.8)
where the last term is added only when w is also inside C.
(4.8) is a very familiar formula in two-dimensional conformal field theory. It is the Ward identity
of a holomorphic Kac-Moody symmetry for the group G. The absence of a term with no Jw on
the right hand side of (4.8) indicates that the Kac-Moody level is zero (at tree-level). Hence the
S-correlators for any massless theory with nonabelian gauge group G transform under a holomorphic
level-zero G-Kac-Moody action!
4.3 Asymptotic symmetries
In this subsection, the Kac-Moody symmetry is identified with holomorphic large gauge symmetry
of the gauge theory. According to (2.9) under the action of the asymptotic symmetry transformation
U
Ok(zk, z¯k)→ Uk(zk, z¯k)Ok(zk, z¯k), (4.9)
where Uk acts in the representation of Ok. S-correlators for general U are simply related to those
for U = 1
〈JazOi11 · · ·〉U = U(z, z¯)abU1(z1, z¯1)i1j1 · · · 〈J bzOj11 · · ·〉U=1. (4.10)
To compare the asymptotic symmetry action (4.10) with the Kac-Moody action (4.6), consider
infinitesimal complexified transformations of the form
U(z, z¯) = 1 + iε(z) + · · · , (4.11)
which are holomorphic inside the contour C and vanish outside. In that case (4.10) linearizes to
δε〈O1 · · ·On〉U=1 = i
∑
k∈C
〈O1 · · · εk(zk)Ok · · ·On〉U=1, (4.12)
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where the operator insertions could also include a postive-helicity soft gluon. Comparing with (4.6)
we see that
− iδε〈O1 · · ·On〉U=1 = 〈JC(ε)O1 · · ·On〉U=1. (4.13)
Hence, JC() generates holomorphic asymptotic symmetry transformations
JC(ε) =
∫
DC
d2zγzz¯ε
a δ
δUa
, (4.14)
where DC is the region inside C and Ua is the Lie algebra element corresponding to U , that is,
U = eiU
aTa .
Let C0 be any contour that divides the incoming and outgoing particles. For ε holomorphic on
the incoming side of C0, the corresponding JC0(ε) is then the charge that generates the asymptotic
symmetries on the incoming state. If ε is holomorphic and non-constant on the incoming side of C0,
it extends to a meromorphic section which must have poles on the outgoing side whose locations we
denote w1, . . . , wp. We may also evaluate the contour integral by pulling it over the outgoing state.
Equating this with (4.6) one finds, for any meromorphic section ε
− iδε〈O1 · · ·On〉U=1 = −
p∑
i=1
〈tr [εJw]wi O1 · · ·On〉U=1, (4.15)
where
tr [εJw]wi = Resw→wi
tr [εJw] . (4.16)
This is another form of the soft gluon theorem. It states that S-correlators are invariant under the
asymptotic symmetries up to insertions of the soft gluon current. The appearance of the inhomoge-
nous term on the right hand side implies that the U = 1 vacuum spontaneously breaks the symmetry.
The soft gluons are the associated Goldstone bosons. Indeed, when p = 0, i.e. when ε is a globally
holomorphic function on the sphere (and therefore a constant), we have
δε〈O1 · · ·On〉U=1 = 0, (4.17)
which is precisely (4.4). This indicates that the subgroup of constant global asymptotic color rotations
is not spontaneously broken, as expected.
One might think that the Kac-Moody symmetry does not capture all of the asymptotic symmetry
group, since the transformations are restricted to be holomorphic within some contour C. However,
this is an irrelevant restriction. The S-correlator identities depend only on the n values εk = ε(zk)
of ε at the n operator insertions. For any choice of εk there exists a holomorphic ε(z) inside some
C such that ε(zk) = εk at the positions of operator insertions. Hence the holomorphicity does not
preclude consideration of any gauge transformation on Fock space states, and all nontrivial relations
among S-correlation functions can be derived from the Kac-Moody symmetry. In particular the soft
gluon theorem (4.5) is itself a Ward identity of the the Kac-Moody symmetry.
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5 Antiholomorphic current
We have seen that positive helicity soft gluon currents Jz generate a holomorphic Kac-Moody sym-
metry. Naively one might expect that negative helicity soft gluon currents Jaz¯ generate a second
Kac-Moody symmetry which is antiholomorphic. This turns out not to be the case for a very inter-
esting reason.
The crucial observation is due to [33, 34]. Consider a boundary of the S-matrix near which two
gluons become soft. One finds
An+2(p1, . . . , pn; q, , a; q′, ′, b) = g2YM
n∑
k=1
 · pk
q · pk
n∑
j=1
′ · pj
q′ · pj 〈O1 · · ·T
a
kOk · · ·T bjOj · · ·On〉U=1
− ig2YMfabc
n∑
j=1
′ · pj
q′ · pj
 · q′
q · q′ 〈O1 · · ·T
c
jOj · · ·On〉U=1 +O(q0, q′0),
(5.1)
where the above limit has been computed by taking q → 0 first. Surprisingly, the right hand side
actually depends on the order of limits and[
lim
q→0
, lim
q′→0
]
An+2(p1, . . . , pn; q, , a; q′, ′, b) = ig2YMfabc
n∑
k=1
(
 · pk
pk · q −
 · q′
q · q′
)(
′ · pk
q′ · pk −
′ · q
q · q′
)
× 〈O1 · · ·T akOk · · ·On〉U=1 +O
(
q0, q′0
)
.
(5.2)
In the special case that the helicities are the same, then the right hand side of the above expression
vanishes and the limits commute. In this case, the S-matrix can be extended to its soft boundaries
unambiguously. When the helicities are not the same, the value of the S-matrix at the soft boundary
is ambiguous. In terms of currents, taking the positive helicity gluon to zero first gives
Jaz J
b
w¯ ∼ −
ifabc
z − wJ
c
w¯, (5.3)
while in the other order we have
Jaz J
b
w¯ ∼ −
ifabc
z¯ − w¯J
c
z . (5.4)
Thus, the extension (or ‘compactification’) of the S-matrix to all soft boundaries requires a
prescription. In this paper we adopt the prescription that positive helicity gluon momenta are always
taken to zero before negative helicity gluon momenta. With this prescription, it follows from (5.3)
that the current Jaz generates a Kac-Moody symmetry, under which J
a
z¯ transforms in the adjoint. J
a
z¯
itself does not generate a symmetry. A prescription which treats Jaz and J
a
z¯ symmetrically yields no
symmetry, while taking negative helicity momenta to zero first gives one antiholomorphic Kac-Moody
symmetry generated by Jaz¯ .
The situation is reminiscent of three-dimensional Chern-Simon gauge theory on a manifold with
a boundary parameterized by (z, z¯). A priori, one might have expected Az and Az¯ to generate
both holomorphic and antiholomorphic G-Kac-Moody symmetries. However a more careful analysis
reveals that boundary conditions must be chosen to eliminate one or the other. Indeed, this may be
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more than an analogy. The current Jaz has no time dependence and lives on the S
2 at the boundary
of the 3-manifold I , and the addition of a θF ∧ F term to the 4D gauge theory action induces a
Chern-Simons term on I . It would be interesting to understand how such a term affects the present
analysis.
6 Wilson lines and the flat connection on I
Other types of S-correlator insertions besides soft gluon currents are of physical interest and have
been considered in the literature. This section contains preliminary observations on a few such
insertions.
Consider the Wilson line operator
WC(u, z1, z2) = P exp
(
i
∫
C
dxµAµ
)
, (6.1)
where P denotes path-ordering and the contour C is chosen such that it initially enters I + at
(u, z1, z¯1) and leaves at (u, z2, z¯2) along null lines of varying r and fixed (u, z, z¯). Under holomorphic
large gauge transformations
WC(u, z1, z2)→ g(z1)WC(u, z1, z2)g(z2)−1, (6.2)
where g(z) ∈ G. Insertions of Jz in the presence of the Wilson lines are given by the soft theorem7
〈JazWC(u, z1, z2) · · ·〉U=1 =
1
z − z1 〈T
aWC(u, z1, z2) · · ·〉U=1 − 1
z − z2 〈WC(u, z1, z2)T
a · · ·〉U=1 + · · · .
(6.3)
From this, we can construct
Az(u, z, z¯) = −i lim
z′→z
∂zWC(u, z, z
′), (6.4)
where we take C to be a short contour from z′ → z. It follows from (6.3)
〈JazAbwO1 · · ·〉U=1 = −
iδab
(z − w)2 〈O1 · · ·〉 −
ifabc
z − w 〈A
c
wO1 · · ·〉+ · · · . (6.5)
Hence the action of Jz indeed transforms Az as a connection on I as expected. A similar discussion
applies to fields on I −.
Recall that Jz was constructed from zero modes of the past and future field strengths (see (4.2)).
However, Az(u) has an inhomogeneous term in its gauge transformation and has a soft u-independent
piece that cannot be constructed from Jz. To see this, we expand on I +
Az(u, z, z¯) =
∫ ∞
−∞
dω
2pi
e−iωuAωz (z, z¯) + Cz, (6.6)
7See §36.3.2 of [42] for details.
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where
Cz ≡ 1
2
(
Az|I++ + Az|I+−
)
= Uz − 1
2
Nz. (6.7)
Here we have used the fact that functions whose boundary values at ±∞ do not sum to zero do not
have a Fourier transform given in terms of ordinary functions. Radiative insertions in an S-matrix
involve Aωz and
Nz = − i
2
lim
ω→0+
(
ωAωz − ωA−ωz
)
. (6.8)
Under a large gauge transformation,
δεA
ω
z = −i[Aωz , ε], δεUz = ∂zε− i[Uz, ε]. (6.9)
Hence the Fourier modes of Az transform in the adjoint of the asymptotic symmetry group, while
the constant piece Uz is a connection on S2. Further, (3.5) and (6.5) imply that we have
〈JazU(w, w¯)O1 · · ·〉U=1 =
T a
z − w 〈U(w, w¯)O1 · · ·〉U=1. (6.10)
A parallel structure on I − also exists.
The flat connection Uz is related to the SCET or Wilson line fields used to study jet physics [35].
In CFT2 with a Kac-Moody symmetry, correlations functions factorize into a hard part and a soft
part computed by the current algebra. 4D gauge theory amplitudes also factorize into a hard and
a soft part, with the latter computed by Wilson line correlators. It would interesting to relate this
soft part to U -correlators and compare it to the structure in CFT2.
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A The soft gluon theorem
In this section, we review the standard proof of the soft gluon theorem. For simplicity, we consider
a theory with only scalar matter in Rξ-gauge:
L = − 1
4g2YM
tr [FµνFµν ]−
∑
k
(Dµφk)† (Dµφk)− 1
2ξg2YM
tr
[
(∂µAµ)2
]
+ Lgh. (A.1)
The ghost action Lgh will be irrelevant at tree-level. From this action, we can determine the propa-
gators as
p
µ; a ν; b =
−ig2YM δab
p2−i
[
ηµν − (1− ξ) pµpν
p2
]
,
p
i j =
−iδij
p2−i . (A.2)
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The vertex Feynman rules are
k
p
q
µ; a
ν; b
ρ; c
= 1
g2YM
fabc [ηµν (k − p)ρ + ηνρ (p− q)µ + ηρµ (q − k)ν ] ,
σ; d
µ; a
ρ; c
ν; b
= − i
g2YM
[
fabef cde (ηµρηνσ − ηµσηνρ)
+ facef bde (ηµνηρσ − ηµσηνρ)
+ fadef bce (ηµνηρσ − ηµρηνσ)] ,
k q
p
j i
µ; a
= i (kµ + qµ) (T ak )ij,
j
i
µ; a
ν; b
= −iηµν (T ak T bk)ij .
(A.3)
Every external gluon is accompanied with a Feynman rule factor of gYM .
We now consider the amplitude involving only external scalars
pm+n
...
pm+1
p1
...
pm
(A.4)
where the kth scalar particle is in representation Rk.
We denote this amplitude asM. Now, consider the same amplitude with an additional outgoing
soft gluon of momentum pµγ , color index a, and polarization µ(pγ) satisfying the gauge condition
pγ · (pγ) = 0. We denote this by Ma,(pγ). The dominant diagrams in the soft p0γ → 0 limit are
pm+n
...
pm+1
p1
...
pm
a; pγ
=
m∑
k=1
pm+n
...
pm+1
p1
pk
a; pγ
pm
+
m+n∑
k=m+1
pm+n
pk
pm+1
p1
...
pm
a; pγ
(A.5)
In the limit of p0γ → 0+, we then get
lim
p0γ→0+
[
p0γMa,λ(pγ)
]
= gYM
[
m∑
k=1
pk · λ(pγ)
pk · pˆγ T
a
k −
m+n∑
k=m+1
pk · λ(pγ)
pk · pˆγ (T
a
k )
∗
]
M, (A.6)
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where λ is the helicity of the gluon and
pˆµγ ≡
pµγ
p0γ
, (A.7)
and T ak acts on the kth index on M. (A.6) has been derived in the context of scalar matter, but is
in fact generally true for any type of matter. This is simply (4.3) expressed in different notation.
We parametrize the massless momentum pµγ in terms of (ω, z, z¯) as in (2.12) and work in a gauge
where the polarization vectors take the form
+µ (pγ) =
1√
2
(−z¯, 1,−i,−z¯) , −µ (pγ) =
1√
2
(−z, 1, i,−z) . (A.8)
For λ = + and p2k = 0, (A.6) reads
1
gYM
ˆ−z lim
ω→0+
[
ω 〈out| : aa+ (pγ)out S : |in〉
]
=
m+n∑
k=1
ηk
z − zk 〈out| : (T
a
k )
∗S : |in〉 , (A.9)
where ˆ−z =
1
r
∂zx
µ−µ =
√
2
1+zz¯
and ηk = 1 for outgoing particles and −1 for incoming particles. Here,
we parametrized the massless momentum pk in terms of (ωk, zk, z¯k).
We now prove that this is equivalent to the soft gluon theorem. To do this, we will need to write
the current Jaz in terms of creation and annihilation operators. Momentum eigenmodes in Minkowski
space are usually described in flat coordinates
ds2 = −dt2 + d~x · d~x, (A.10)
which are related to the retarded coordinates in (2.4) by
t = u+ r, x1 + ix2 =
2rz
1 + zz¯
, x3 =
r (1− zz¯)
1 + zz¯
, (A.11)
with ~x = (x1, x2, x3) satisfying ~x · ~x = r2.
At late times t → ∞ (or equivalently r → ∞ in the retarded coordinates), the gauge field Aµ
becomes free and can be approximated by the mode expansion,8
Aaµ(x) = gYM
∑
α=±
∫
d3q
(2pi)3
1
2ωq
[
αµ(q)
∗aaα(~q)
outeiq·x + αµ(q)a
a†
α (~q)
oute−iq·x
]
, (A.12)
where q0 = ωq = |~q| and α = ± are the two helicities.
The creation and annihilation operators obey[
aaα(~q)
out, ab†β (~q
′)out
]
= δαβδ
ab(2pi)3(2ωq)δ
3 (~q − ~q ′) . (A.13)
To determine Aaz , recall
Aaz(u, z, z¯) = lim
r→∞
Aaz(u, r, z, z¯). (A.14)
8In this section, we assume Cz = 0 (see (6.7)) for simplicity. The final result (A.17) is independent of this
assumption.
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Using Aaz = ∂zxµAaµ, the mode expansion in (A.12), and the stationary phase approximation we find
Aaz(u, z, z¯) = −
igYM
8pi2
ˆ−z
∫ ∞
0
dωq
[
aa+(ωqxˆ)
oute−iωqu − aa†− (ωqxˆ)outeiωqu
]
. (A.15)
where xˆ is defined in (2.13). Using (A.15), we determine
−iωAω,az = −
gYM
4pi
ˆ−z
∫ ∞
0
dωqωq
[
aa+(ωqxˆ)
outδ (ω − ωq) + aa†− (ωqxˆ)outδ (ω + ωq)
]
. (A.16)
When ω > 0 (ω < 0) only the first (second) term contributes. (6.8) then gives
Naz = −
gYM
8pi
ˆ−z lim
ω→0+
[
ωaa+(ωxˆ)
out + ωaa†− (ωxˆ)
out
]
. (A.17)
Similarly on I −, we find
Maz = −
gYM
8pi
ˆ−z lim
ω→0+
[
ωaa+(ωxˆ)
in + ωaa†− (ωxˆ)
in
]
, (A.18)
where ain± and a
in†
± annihilate and create incoming gluons on I
−. Crossing symmetry of S-matrix
amplitudes implies that an outgoing positive helicity gluon has the same soft factor as an incoming
negative helicity gluon up to a sign. This implies
Nz +Mz = 0, (A.19)
when inserted into scattering amplitudes.
Similarly, insertions of Jaz are given by
〈out| : JazS : |in〉 =
1
gYM
ˆ−z lim
ω→0+
[
ω 〈out| : aa+ (ωxˆ(z, z¯))out S : |in〉
]
. (A.20)
Using (A.9), this is
〈out| : JazS : |in〉 =
m+n∑
k=1
ηk
z − zk 〈out| : (T
a
k )
∗S : |in〉 , (A.21)
which reproduces (4.5).
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